We consider the asymptotic consistency of maximum likelihood parameter estimation for dynamical systems observed with noise. Under suitable conditions on the dynamical systems and the observations, we show that maximum likelihood parameter estimation is consistent. Our proof involves ideas from both information theory and dynamical systems. Furthermore, we show how some well-studied properties of dynamical systems imply the general statistical properties related to maximum likelihood estimation. Finally, we exhibit classical families of dynamical systems for which maximum likelihood estimation is consistent. Examples include shifts of finite type with Gibbs measures and Axiom A attractors with SRB measures.
1. Introduction. Maximum likelihood estimation is a common, wellstudied, and powerful technique for statistical estimation. In the context of a statistical model with an unknown parameter, the maximum likelihood estimate of the unknown parameter is, by definition, any parameter value under which the observed data is most likely; such parameter values are said to maximize the likelihood function with respect to the observed data. In classical statistical models, one typically thinks of the unknown parameter as a real number or possibly a finite dimensional vector of real numbers. Here we consider maximum likelihood estimation for statistical models in which each parameter value corresponds to a stochastic system observed with noise.
Hidden Markov models (HMMs) provide a natural setting in which to study both stochastic systems with observational noise and maximum likelihood estimation. In this setting, one has a parametrized family of stochastic processes that are assumed to be Markov, and one attempts to perform inference about the underlying parameters from noisy observations of the process. There has been a substantial amount of work on statistical inference for HMMs, and we do not attempt a complete survey of that area here. In the 1960s, Baum and Petrie [5, 38] studied consistency of maximum likelihood estimation for finite state HMMs. Since that time, several other authors have shown that maximum likelihood estimation is consistent for HMMs under increasingly general conditions [13, 16, 18, 30, 31, 32] , culminating with the work of [15] , which currently provides the most general conditions on HMMs under which maximum likelihood estimation has been shown to be consistent.
We focus here on the consistency of maximum likelihood estimation for parametrized families of deterministic systems observed with noise. Inference methods for deterministic systems from noisy observations are of interest in a variety of scientific areas (for a few examples, see [19, 20, 29, 39, 40, 41, 47, 50] ).
For the purpose of this article, the terms deterministic system and dynamical system refer to a map T : X → X. The set X is referred to as the state space, and the transformation T governs the evolution of states over one (discrete) time increment. Our main interest here lies in families of dynamical systems observed with noise. More precisely, we consider a state space X and a parameter space Θ, and to each θ in Θ, we associate a dynamical system T θ : X → X. Note that the state space X does not depend on θ. For each θ in Θ, we assume that the system is started at equilibrium from a T θ -invariant measure µ θ . See Section 2 for precise definitions. We are particularly interested in situations in which the family of dynamical systems is observed via noisy measurements (or observations). We consider a general observation model specified by a family of probability densities {g θ (· | x) : θ ∈ Θ, x ∈ X}, where g θ (· | x) prescribes the distribution of an observation given that the state of the dynamical system is x and the state of nature is θ. Under some additional conditions (see Section 3), our first main result states that maximum likelihood estimation is a consistent method of estimation of the parameter θ.
We have chosen to state the conditions of our main consistency result in terms of statistical properties of the family of dynamical systems and the observations. However, these particular statistical properties have not been directly studied in the dynamical systems literature. In the interest of applying our general result to specific systems, we also establish several connections between well-studied properties of dynamical systems and the statistical properties relevant to maximum likelihood estimation. Finally, we apply these results to some examples, including shifts of finite type with Gibbs measures and Axiom A attractors with SRB (Sinai-Ruelle-Bowen) measures. It is widely accepted in the field of ergodic theory and dynamical systems that these classes of systems have "good" statistical properties, and our results may be viewed as a precise confirmation of this view.
Previous work.
There has been a substantial amount of work on statistical inference for HMMs, and a complete survey of that area is beyond the scope of this work. The asymptotic consistency of maximum likelihood estimation for HMMs has been studied at least since the work of Baum and Petrie [5, 38] under the assumption that both the hidden state space X and the observation space Y are finite sets. Leroux extended this result to the setting where Y is a general space and X is a finite set [32] . Several other authors have shown that maximum likelihood estimation is consistent for HMMs under increasingly general conditions [13, 16, 18, 30, 31] , culminating with the work of [15] , which currently provides the most general conditions for HMMs under which maximum likelihood estimation has been shown to be consistent.
Let us now discuss the results of [15] in greater detail. Consider parametrized families of HMMs in which both the hidden state space X and the observation space Y are complete, separable metric spaces. The main result of [15] shows that under several conditions, maximum likelihood estimation is a consistent method of estimation of the unknown parameter. These conditions involve some requirements on the transition kernel of the hidden Markov chain, as well as basic integrability conditions on the observations. The proof of that result relies on information-theoretic arguments, in combination with the application of some mixing conditions that follow from the assumptions on the transition kernel. To prove our consistency result, we take a similar information-theoretic approach, but instead of placing explicit restrictions on the transition kernel, we identify and study mixing conditions suitable for dynamical systems. See Remarks 2.2 and 3.3 for further discussion of our results in the context of HMMs.
Other directions of study regarding inference for HMMs include the behavior of MLE for misspecified HMMs [14] , asymptotic normality for parameter estimates [8, 23] , the dynamics of Bayesian updating [45] , and starting the hidden process away from equilibrium [15] . Extending these results to dynamical systems is of potential interest.
The topic of statistical inference for dynamical systems has been widely studied in a variety of fields. Early interest from the statistical point of view is reflected in the following surveys [6, 12, 21, 22] . For a recent review of this area with many references see [34] . There has been significant methodological work in the area of statistical inference for dynamical systems (for a few recent examples, see [19, 20, 39, 47, 50] ), but in this section we attempt to describe some of the more theoretical work in this area. The relevant theoretical work to date falls (very) roughly into three classes:
• state estimation (also known as denoising or filtering) for dynamical systems with observational noise; • prediction for dynamical systems with observational noise; and • system reconstruction from dynamical systems without noise.
Let us now mention some representative works from these lines of research.
In the setting of dynamical systems with observational noise, Lalley introduced several ideas regarding state estimation in [26] . These ideas were subsequently generalized and developed in [27, 28] . Key results from this line of study include both positive and negative results on the consistency of denoising a dynamical system under additive observational noise. In short, the magnitude of the support of the noise seems to determine whether consistent denoising is possible. In related work, Judd [24] demonstrated that MLE can fail (in a particular sense) in state estimation when noise is large.
Steinwart and Anghel considered the problem of consistency in prediction accuracy for dynamical systems with observational noise [46] . They were able to show that support vector machines are consistent in terms of prediction accuracy under some conditions on the decay of correlations of the dynamical system.
The work of Adams and Nobel uses ideas from regression to study reconstruction of measure-preserving dynamical systems [1, 35, 36] without noise. These results show that certain types of inference are possible under fairly mild ergodicity assumptions. A sample result from this line of work is that a measure-preserving transformation may be consistently reconstructed from a typical trajectory observed without noise, assuming that the transformation preserves a measure that is absolutely continuous (with Radon-Nikodym derivative bounded away from 0 and infinity) with respect to a known reference measure.
1.2.
Organization. In Section 2, we give some necessary background on dynamical systems observed with noise. Section 3 contains a statement and discussion of our main result (Theorem 3.1), which asserts that under some general statistical conditions, maximum likelihood parameter estimation is consistent for families of dynamical systems observed with noise. The purpose of Section 4 is to establish connections between well-studied properties of dynamical systems and the (statistical) conditions appearing in Theorem 3.1. Section 5 gives several examples of widely studied families of dynamical systems to which we apply Theorem 3.1 and therefore establish consistency of maximum likelihood estimation. The proofs of our main results appear in Section 6, and we conclude with some final remarks in Section 7.
2. Setting and notation. Recall that our primary objects of study are parametrized families of dynamical systems. In this section we introduce these objects in some detail. First let us recall some terminology regarding dynamical systems and ergodic theory. We use X to denote a state space, which we assume to be a complete separable metric space endowed with its Borel σ-algebra X . Then a measurable dynamical system on X is defined by a measurable map T : X → X, which governs the evolution of states over one (discrete) time increment. For a probability measure µ on the measurable space (X, X ), we say that T preserves µ (or µ is Tinvariant) if µ(T −1 E) = µ(E) for each set E in X . We refer to the quadruple (X, X , T, µ) as a measure-preserving system. To generate a trajectory (X k ) from such a measure-preserving system, one chooses X 0 according to µ and sets X k = T k (X 0 ) for k ≥ 0. Note that (X k ) is then a stationary X-valued stochastic process. Lastly, the measure-preserving system (X, X , T, µ) is said to be ergodic if T −1 E = E implies µ(E) ∈ {0, 1}. See the books [37, 49] for an introduction to measure-preserving systems and ergodic theory.
Let us now introduce the setting of parametrized families of dynamical systems. We denote the parameter space by Θ, which is assumed to be a compact metric space endowed with its Borel σ-algebra. Fix a state space X and its Borel σ-algebra X as above. To each parameter θ in Θ, we associate a measurable transformation T θ : X → X, which prescribes the dynamics corresponding to the parameter θ. Finally, we need to specify some initial conditions. In this article, we consider the case that the system is started from equilibrium. More precisely, we associate to each θ in Θ a T θ -invariant Borel probability measure µ θ on (X, X ). Thus, to each θ in Θ, we associate a measure-preserving system (X, X , T θ , µ θ ), and we refer to the collection (X, X , T θ , µ θ ) θ∈Θ as a parametrized family of dynamical systems. For ease of notation, we will refer to (T θ , µ θ ) θ∈Θ as a family of dynamical systems on (X, X ), instead of referring to the family of quadruples (X, X , T θ , µ θ ) θ∈Θ .
We would like to study the situation that such a family of dynamical systems is observed via noisy measurements. Here we describe the specifics of our observation model. We suppose that we have a complete, separable metric space Y, endowed with its σ-algebra Y, which serves as our observation space. We also assume that we have a family of Borel probability densities {g θ (· | x) : θ ∈ Θ, x ∈ X} with respect to a fixed reference measure ν on Y.
The density g θ (· | x) prescribes the distribution of our observation given that the state of the dynamical system is x and the state of nature is θ. Lastly, we assume that the noise involved in successive observations is conditionally independent given θ and the underlying trajectory of the dynamical system. Thus, our full model consists of a parametrized family of dynamical systems (T θ , µ θ ) θ∈Θ on a measurable space (X, X ) with corresponding observation densities {g θ (· | x) : θ ∈ Θ, x ∈ X}.
In general, we would like to estimate the parameter θ from our observations. Maximum likelihood estimation provides a basic method for performing such estimation. Our first main result states that maximum likelihood estimation is a consistent estimator of θ under some general conditions on the family of systems and the noise. In order to state these results precisely, we now introduce the likelihood for our model. For the sake of notation, it will be convenient to denote finite sequences (x i , . . . , x j ) with the notation x j i . As we have assumed that our observations are conditionally independent given θ and a trajectory (X k ), we have that for θ ∈ Θ and y n 0 ∈ Y n+1 , the likelihood of observing y n 0 given θ and (X k ) is
Since X k = T k θ (X 0 ) given θ and X 0 , the conditional likelihood of y n 0 given θ and X 0 = x is
Since our model also assumes that X 0 is distributed according to µ θ , we have that for θ ∈ Θ and y n 0 ∈ Y n+1 , the marginal likelihood of observing y n 0 given θ is
We denote by ν n the product measure on Y n+1 with marginals equal to ν. Let P θ be the probability measure on X × Y N such that for Borel sets A ⊂ X and B ⊂ Y n+1 , it holds that
which is well-defined by Kolmogorov's consistency theorem. Let E θ denote expectation with respect to P θ , and let P Y θ be the marginal of P θ on Y N .
Before we define consistency, let us first consider the issue of identifiability. Our notion of identifiability is captured by the following equivalence relation. 
where o a.s.
(1) denotes a process that tends to zero P θ 0 -a.s as n tends to infinity.
Remark 2.1. Several notions in this article, including the definition of approximate MLE above, involve taking suprema over θ in Θ. In many situations of interest to us, X and Θ are compact and all relevant functions are continuous in these arguments. In such cases, we have sufficient regularity to guarantee that suprema over θ in Θ are measurable. However, in the general situation, such suprema are not guaranteed to be measurable, and one must take some care. As all our measurable spaces are Polish (complete, separable metric spaces), such functions are always universally measurable ( [7, Proposition 7.47] ). Similarly, a Borel-measurable (approximate) maximum likelihood estimator need not exist, but the Polish assumption ensures the existence of universally measurable maximum likelihood estimators ( [7, Proposition 7.50] ). Thus, all probabilities and expectations may be unambiguously extended to such quantities.
Remark 2.2. The framework of this paper may be translated into the language of Markov chains as follows. For each θ ∈ Θ, we define a (degenerate) Markov transition kernel Q θ as follows:
In other words, for each θ ∈ Θ, x ∈ X, and Borel set A ⊂ X, the probability that
where δ x is defined to be a point mass at x.
In all previous work on consistency of maximum likelihood estimation for HMMs (including [13, 15, 16, 18, 30, 31] ), there has been significant assumptions placed on the Markovian structure of the hidden chain. For example, the central hypothesis appearing in [15] requires that there is a σ-finite measure λ on X such that for some L ≥ 0, the L-step transition kernel Q L θ (x, ·) is absolutely continuous with respect to λ with bounded RadonNikodym derivative. If X is uncountable, then the degeneracy of Q θ , which arises directly from the fact that we are considering deterministic systems, makes the existence of such a dominating measure impossible. In short, it is precisely the determinism in our hidden processes that prevents previous theorems for HMMs from applying to dynamical systems.
Consistency of MLE.
In this section, we show that under suitable conditions, any approximate MLE is consistent for families of dynamical systems observed with noise. To make this statement precise, we make the following definition of consistency.
Definition 3.1. An approximate MLE (θ n ) n is consistent at θ 0 ifθ n (Y n 0 ) converges to [θ 0 ], P θ 0 -a.s. as n tends to infinity.
For the sake of notation, define the function γ : Θ × Y → R + , where
Also, for x > 0, let log + x = max(0, log(x)). Consider the following conditions on a family of dynamical systems observed with noise.
(S1) Ergodicity.
The system (T θ 0 , µ θ 0 ) on (X, X ) is ergodic.
(S2) Logarithmic integrability at θ 0 . It holds that
and
(S3) Logarithmic integrability away from θ 0 . For each θ ′ / ∈ [θ 0 ], there exists a neighborhood U of θ ′ such that
(S4) Upper semi-continuity of the likelihood.
There exists ℓ ≥ 0 such that for each m ≥ 0, there exists a measurable function
The following theorem is our main general result.
θ∈Θ is a parametrized family of dynamical systems on (X, X ) with corresponding observation densities (g θ ) θ∈Θ .
If conditions (S1)-(S6) hold, then any approximate MLE is consistent at θ 0 .
The proof of Theorem 3.1 is given in Section 6.1. In the following remark, we discuss the conditions (S1)-(S6).
Remark 3.2. The conditions (S1)-(S3) involve basic irreducibility and integrability conditions, and similar conditions have appeared in previous work on consistency of maximum likelihood estimation for HMMs (see, for example, [15, 32] ). Taken together, conditions (S1) and (S2) ensure the almost sure existence and finiteness of the entropy rate for the process (Y n ):
Condition (S3) serves as a basic integrability condition in the proof of Theorem 3.1, in which one must essentially show that for θ /
Conditions (S4)-(S6) are more interesting from the point of view of dynamical systems, and we discuss them in greater detail below.
The upper semi-continuity of the likelihood (S4) is closely related to the continuity of the map θ → µ θ . In general, the continuous dependence of µ θ on θ places non-trivial restrictions on a family of dynamical systems. This property (continuity of θ → µ θ ) is often called "statistical stability" in the dynamical systems and ergodic theory literature, and it has been studied for some families of systems (for examples, see [2, 17, 43, 48] and references therein). In Section 4.1, we show how statistical stability of the family of dynamical systems may be used to establish the upper semi-continuity of the likelihood (S4).
The mixing condition (S5) involves control of the correlations of the observation densities along trajectories of the underlying dynamical system. Although the general topic of decay of correlations has been widely studied in dynamical systems (see [3] for an overview), condition (S5) is not implied by the particular decay of correlations properties that are typically studied for dynamical systems. Nonetheless, we show in Section 4.2 how some wellstudied mixing properties of dynamical systems imply the mixing condition (S5).
Finally, condition (S6) involves the exponential identifiability of the true parameter θ 0 . We show in Section 4.3 how large deviations for a family of dynamical systems may be used to establish exponential identifiability (S6). Large deviations estimates for dynamical systems have been studied in [42, 51] , and our main goal in Section 4.3 is to connect such results to exponential identifiability (S6). as an observation process. If the observations have conditional densities with respect to a common measure given (X θ k ) and θ, then it makes sense to ask whether maximum likelihood estimation is a consistent method of inference for the parameter θ.
It is well-known that the setting of stationary stochastic processes may be translated into the deterministic setting of dynamical systems, which may be carried out as follows. Let {(X θ k ) : θ ∈ Θ} be a family of stationary stochastic processes on a measurable space (X, X ). Consider the product spaceX = X ⊗Z with corresponding σ-algebraX . Each process (X θ k ) corresponds to a probability measure µ θ on (X,X ) with the property that µ θ is invariant under the left-shift map T :X →X given by x = (x i ) i → T (x) = (x i+1 ) i . With this translation, Theorem 3.1 shows that maximum likelihood estimation is consistent for families of hidden stochastic processes (X θ k ) observed with noise, whenever the corresponding family of dynamical systems (T, µ θ ) on (X,X ) with observation densities satisfy conditions (S1)-(S6).
With the above translation, Theorem 3.1 applies to some families of processes allowing infinite-range dependence in both the hidden process (X θ k ) and the observation process (Y θ k ). From this point of view, Theorem 3.1 highlights the fact that maximum likelihood estimation is consistent for dependent processes observed with noise as long as they satisfy some general conditions: ergodicity, logarithmic integrability of observations, continuous dependence on the parameters, and some mixing of the observation process. It is interesting to note that the existing work on consistency of maximum likelihood estimation for HMMs [11, 13, 15, 16, 18, 30, 31, 32] makes assumptions of precisely this sort in the specific context of Markov chains.
4. Statistical properties of dynamical systems. In our main consistency result (Theorem 3.1), we establish the consistency of any approximate MLE under conditions (S1)-(S6). We have chosen to formulate our result in these terms because they reflect general statistical properties of dynamical systems observed with noise that are relevant to parameter inference. However, these conditions have not been explicitly studied in the dynamical systems literature, despite the fact that much effort has been devoted to understanding certain statistical aspects of dynamical systems. In this section, we make connections between the general statistical conditions appearing in Theorem 3.1 and some well-studied properties of dynamical systems. Section 4.1 shows how the notion of statistical stability may be used to verify the upper semi-continuity of the likelihood (S4). Section 4.2 connects well-known mixing properties of some measure-preserving dynamical systems to the mixing property (S5). In Section 4.3, we show how large deviations for dynamical systems may be used to deduce the exponential identifiability condition (S6).
4.1.
Statistical stability and continuity of p θ . As discussed in Remark 3.2, the upper semi-continuity condition (S4) places non-trivial restrictions on the family of dynamical systems under consideration. In this section, we establish sufficient conditions for (S4) to hold. The continuous dependence of µ θ on θ is a property called statistical stability in the dynamical systems literature [2, 17, 43, 48] . Let us state this property precisely. Let M (X) denote the space of Borel probability measures on X. Endow M (X) with the topology of weak convergence: µ n converges to µ if f dµ n converges to f dµ as n tends to infinity, for each continuous, bounded function f : X → R. The family of dynamical systems (T θ , µ θ ) θ∈X on (X, X ) is said to have statistical stability if the map θ → µ θ is continuous with respect to the weak topology on M (X).
The following proposition shows that under some continuity and compactness assumptions, statistical stability of the family of dynamical systems implies upper semi-continuity of the likelihood (S4). 
4.2.
Mixing. In this section, we focus on the mixing condition (S5). Recall that (S5) involves a non-trivial restriction on the correlations of the observation densities g θ along trajectories of the underlying dynamical system. Although mixing conditions have been widely studied in the dynamics literature, the particular type of condition appearing in (S5) appears not to have been investigated. Nonetheless, we show that a well-studied mixing property for dynamical systems implies the statistical mixing property (S5).
In order to study mixing for dynamical systems, one typically places restrictions on the type of events or observations that one considers (by considering certain functionals of the process). For example, in some situations a substantial amount work has been devoted to finding particular partitions of state space with respect to which the system possess good mixing properties (an example of such partitions are the well-known Markov partitions [9] ). If a system has good mixing properties with respect to a particular partition, and if that partition possesses certain (topological) regularity properties, then it is often possible to show that the system also has good mixing properties for related function classes, such as Lipschitz or Hölder continuous observables. For variations of this approach to mixing in dynamical systems, see the vast literature on decay of correlations (for an introduction, see the survey [3] ).
In this section, we follow the above approach to study the mixing condition (S5) for dynamical systems observed with noise. First, we define a mixing property for families of dynamical systems with respect to a partition (M1). Second, we define a regularity property for partitions (M2). Third, we define a topological regularity property for a family of observation densities (M3). Finally, in the main result of this section (Proposition 4.2), we show how these three properties together imply the mixing condition (S5).
Here and in the rest of this section, we consider only invertible transformations. It is certainly possible to modify the definitions slightly to handle the non-invertible case, but we omit such modifications.
We will have need to consider finite partitions of X. The join of two partitions C 0 and C 1 is defined to be the common refinement of C 0 and C 1 , and it is denoted C 0 C 1 . Note that for any measurable transformation
we suppress this dependence in our notation. Now consider the following alternative conditions, which may be used in place of condition (S5).
(M1) Mixing condition with respect to the partition C.
There exists L : Θ → R + and ℓ ≥ 0 such that for all θ ∈ Θ, m, n ≥ 0, A ∈ C m 0 , and B ∈ C n 0 , it holds that
(M2) Regularity of the partition C. There exists β ∈ (0, 1) such that for all θ ∈ Θ and m, n ≥ 0, if A ∈ C n −m and x, z ∈ A, then
(M3) Regularity of observations. There exists a function K : Θ×Y → R + such that for y ∈ Y and x, z ∈ X,
Let us now state the main proposition of this section, whose proof is delayed until Section 6.3. 
Exponential identifiability.
In this section, we study the exponential identifiability condition (S6). We show how large deviations for dynamical systems may be used in combination with some regularity of the observation densities to establish exponential identifiability (S6).
Let X 1 and X 2 be metric spaces with metrics d 1 and d 2 , respectively. Recall that a function f : X 1 → X 2 is said to be Hölder continuous if there exist α > 0 and C > 0 such that for each x, z in X 1 , it holds that
If (T, µ) is a dynamical system on (X, X ) such that T : X → X is Hölder continuous, then we refer to (T, µ) as a Hölder continuous dynamical system. For many dynamical systems, the class of Hölder continuous functions f : X → R provides a natural class of observables whose statistical properties are fairly well understood and satisfy some large deviations estimates [42, 51] . Consider the following conditions, which we later show are sufficient to guarantee exponential identifiability (S6).
(L1) Large deviations. For each θ / ∈ [θ 0 ], for each Hölder continuous function f : X → R, and for each δ > 0, it holds that lim sup
(L2) Regularity of observations. There exists α > 0 and K : Θ×Y → R + such that for each x and z in X, it holds that
Furthermore, for θ ∈ Θ and C > 0, it holds that
The following proposition relates large deviations for dynamical systems to the exponential identifiability condition (S6). 
Examples.
In this section we present some classical families of dynamical systems for which maximum likelihood estimation is consistent. We begin in Section 5.1 by considering symbolic dynamical systems called shifts of finite type. The state space for such systems consists of (bi-)infinite sequences of symbols from a finite set, and the transformation on the state space is always given by the "left-shift" map, which just shifts each point one coordinate to the left. Such systems are considered models of "chaotic" dynamical systems that may be defined by a finite amount of combinatorial information. In this setting Gibbs measures form a natural class of invariant measures, which have been studied due to their connections to statistical physics. These measures play a central role in a topic called the thermodynamic formalism, which is well-described in the books [10, 44] . Note that k-th order finite state Markov chains form a special case of Gibbs measures. The main result of this section is Theorem 5.2, which states that under sufficient regularity conditions, any approximate maximum likelihood estimator is consistent for families of Gibbs measures on a shift of finite type. The crucial assumptions for this theorem involve continuous dependence of the Gibbs measures on θ and sufficiently regular dependence of g θ (y | x) on x.
Having established consistency of maximum likelihood estimation for families of Gibbs measures on a shift of finite type, we deduce in Section 5.2 that maximum likelihood estimation is consistent for families of Axiom A attractors observed with noise. Axiom A systems are well-studied differentiable dynamical systems on manifolds that, like shifts of finite type, exhibit "chaotic" behavior (for a thorough treatment of Axiom A systems, see the book [10] ). In related statistical work, Lalley [26] considered the problem of denoising the trajectories of Axiom A systems. For these systems, there is a natural class of measures, known as SRB (Sinai-Ruelle-Bowen) measures. See the article [53] for an introduction to these measures with discussion of their interpretation and importance. With the construction of Markov partitions [9, 10] , one may view an Axiom A attractor with its SRB measure as a factor of a shift of finite type with a Gibbs measure. Using this natural factor structure, we establish the consistency of any approximate maximum likelihood estimator for Axiom A systems.
Gibbs measures.
In this section, we describe the setting of symbolic dynamics, shifts of finite type, and Gibbs measures. Then we prove that any approximate maximum likelihood estimator is consistent for these systems (Theorem 5.2) under some general assumptions on the observations. Finally, we consider two examples of observations in greater detail. In the first example, we consider "discrete" observations, corresponding to a "noisy channel." In the second example, we consider making real-valued observations with Gaussian observational noise. For a thorough introduction to shifts of finite type and Gibbs measures, see [10] .
Let A be a finite set, called the alphabet. The state space for a shift of finite type is a subset of Σ A = A Z , which we call the full-shift on A. We put the discrete topology on A (meaning that all subsets of A are open), and we endow Σ A with the product topology induced by the discrete topology on A. For a matrix M with dimensions |A| × |A| and entries in {0, 1}, let
The set X M is called a shift of finite type (SFT). In effect, M describes the allowed transitions between symbols in A. Note that X M is a compact subset of Σ A . Also, if the matrix M has the property that there exists N in N such that each entry of M N is positive, then we say that X M is a mixing SFT.
Now we describe the transformation on any SFT. Let σ : Σ A → Σ A be the left shift map, defined as follows. For x = (x n ) ∈ Σ A , let σ(x) = (σ(x) n ) be defined by σ(x) n = x n+1 . With this definition, since Σ A is consists of bi-infinite sequences, it is not difficult to see that σ is a homeomorphism. Also, for any SFT X M , one may easily observe that σ(X M ) = X M , so that one may regard σ X M as a map from X M to itself. Thus, the transformation associated with any SFT X M is σ| X M .
In order to define Gibbs measures, we require a metric structure on X M . For each β ∈ (0, 1), we define a metric on X M , but the choice of β is entirely arbitrary for our purposes. For x and y in Σ A , let n(x, y) = inf{|m| : m ∈ Z, x m = y m }.
Fix β ∈ (0, 1), and define a metric on Σ A as follows: for each x and y in Σ A , let d(x, y) = β n(x,y) .
It is straight-forward to check that d(·, ·) is a metric on Σ A and that it induces induces the product topology on Σ A . For α ∈ (0, 1), let C α (X M ) denote the class of functions f : X M → R such that there exists a constant C = C(f ) such that for each x, y in X M , it holds that
We refer to C α (X M ) as the class of Hölder continuous potential functions on X M , and we endow C α (X M ) with the topology induced by the supremum norm: f = sup x |f (x)|.
The following classical theorem guarantees the existence and uniqueness of Gibbs measures for "potential functions" f in C α (X M ) under mild conditions on M . 
Any measure satisfying the conclusion of Theorem 5.1 is called a Gibbs measure. If the value of the potential function f in Theorem 5.1 depends only on the coordinates x k −k , then the corresponding measure µ is a Markov chain of order 2k + 1.
Let us now consider some families of measure-preserving systems on SFTs. Let A be an alphabet, and let M be a binary matrix with dimensions |A| × |A|. Let X = X M be the associated SFT, and let X be the Borel σ-algebra on X. For α > 0, let f : Θ → C α (X) be a continuous map, and let µ θ be the Gibbs measure associated to the potential function f θ . In this setting, we refer to (µ θ ) θ∈Θ as a continuously parametrized family of Gibbs measures on (X, X ).
Theorem 5.2. Suppose X = X M is a mixing shift of finite type and (µ θ )θ ∈ Θ is a continuously parametrized family of Gibbs measures on (X, X ).
If the family of observation densities (g θ ) θ∈Θ satisfies the integrability conditions (S2) and (S3) and the regularity conditions (M3) and (L2), then any approximate maximum likelihood estimator is consistent.
The proof of Theorem 5.2 is based on an appeal to Theorem 3.1. However, in order to verify the hypotheses of Theorem 3.1, we combine the results of Section 4 with some well-known properties of Gibbs measures.
Proof of Theorem 5.2. Let θ 0 be in Θ. We obtain Theorem 5.2 by direct application of Theorem 3.1. As we have explicitly assumed the integrability conditions (S2) and (S3), we need only show that the following conditions are satisfied: ergodicity (S1), upper semi-continuity of the likelihood (S4), mixing (S5), and exponential identifiability (S6). Ergodicity of the system (σ| X , µ θ 0 ) follows immediately from the assumption that µ θ 0 is a Gibbs measure (see Theorem 5.1). For the remaining three properties, we use the results of Section 4.
In order to apply the results of Section 4, we need to define a partition on X = X M . We use the natural partition of X M given by the zero-coordinate: By various well-known results in dynamical systems, we have that 1. the map θ → µ θ is continuous in the weak topology (see [10] ); 2. the mixing condition (M1) holds with respect to C (see [10, Theorem 1.25]); 3. the large deviations for Hölder observables condition (L1) holds (see [51] ). By 1., the hypotheses of Proposition 4.1 are satisfied, and thus the upper semi-continuity condition (S4) is satisfied. By 2. and our assumption that the observation regularity condition (M3) is satisfied, Proposition 4.2 gives that the mixing condition (S5) holds. Finally, by 3., the hypotheses of Proposition 4.3 are satisfied, and therefore the exponential identifiability condition (S6) holds.
Remark 5.3. There is an analogous theory of "one-sided" symbolic dynamics and Gibbs measures, in which A Z is replaced by A N and appropriate modifications are made in the definitions. The two-sided case deals with invertible dynamical systems, whereas the one-sided case handles noninvertible systems. We have stated Theorems 5.1 and 5.2 in the invertible setting, although it applies as well in the non-invertible setting, with the obvious modifications.
Example 5.4. In this example, we consider families of dynamical systems (T θ , µ θ ) on (X, X ), where X is a mixing shift of finite type, T θ = σ| X , and µ θ is a continuous family of Gibbs measures on X (as in Theorem 5.2). Here we consider the particular observation model in which our observations of X are passed through a discrete, memoryless, noisy channel. Suppose that Y is a finite set, ν is counting measure on Y, and for each symbol a in A and parameter θ in Θ, we have a probability distribution π θ (· | a) on Y. We consider the case that our observation densities g θ satisfy g θ (· | x) = π θ (· | x 0 ). This situation is covered by Theorem 5.2, since the following conditions may be easily verified: observation integrability (S2) and (S3) and observation regularity (M3) and (L2).
Example 5.5. In this example, we once again consider families of dynamical systems (T θ , µ θ ) on (X, X ), such that X is a mixing shift of finite type, T θ = σ| X , and µ θ is a continuous family of Gibbs measures on X (as in Theorem 5.2). Here we consider the particular observation model in which we make real-valued, parameter-dependent measurements of the system, which are corrupted by Gaussian noise with parameter-dependent variance. More precisely, let us assume that Y = R, and there exists a Lipschitz continuous ϕ : Θ × X → R and continuous s : Θ → (0, ∞) such that
We now proceed to verify conditions (S2), (S3), (M3), and (L2). First, by compactness and continuity, there exist C 1 , C 2 , C 3 > 0 such that for θ in Θ, y in Y and x in X, it holds that
From (5.1), one easily obtains the observation integrability conditions (S2) and (S3). Furthermore, there exists C 4 , C 5 > 0 such that for x, z ∈ X, it holds that
Let ϕ be Lipschitz continuous with constant C 6 , and let K(θ, y) = C 6 (C 4 + C 5 |y|). With this choice of K and (5.2), one may easily verify the observation regularity conditions (M3) and (L2).
Remark 5.6. Similar calculations to those in Example 5.5 imply that any approximate maximum likelihood estimator is also consistent if the observational noise is "double-exponential" (i.e. g θ (y | x) ∝ e −|y−x| ). Indeed, these calculations should hold for most members of the exponential family, although we do not pursue them here.
Axiom A systems.
In this section, we show how the previous results may be applied to some smooth (differentiable) families of dynamical systems. These results follow easily from the results in Section 5.1, using the work of Bowen and others (see [9, 10] and references therein) in constructing Markov partitions for these systems. With Markov partitions, Axiom A systems may be viewed as factors of the shifts of finite type with Gibbs measures.
The basic fact that allows us to transfer our results from shifts of finite type to Axiom A systems is that consistency of maximum likelihood estimation is preserved under taking appropriate factors. Let us now make this statement precisely. Suppose that (T θ , µ θ ) θ∈Θ is a family of dynamical systems on (X, X ) with observation densities (g θ ) θ∈Θ . Further, suppose that there are continuous maps π : Θ ×X → X andT : Θ ×X →X such that i) for each θ, we have that π θ •T θ = T θ • π θ ; ii) for each θ, there is a unique probability measureμ θ onX such that
For x inX and θ in Θ, defineg θ (·|x) = g θ (·|π θ (x)). Then (T θ ,μ θ ) θ∈Θ is a family of dynamical systems on (X,X ) with observation densities (g θ ) θ∈Θ . In this situation, we say that (T θ , µ θ , g θ ) θ∈Θ is an isomorphic factor of (T θ ,μ θ ,g θ ) θ∈Θ , and π is the factor map. The following proposition addresses the consistency of maximum likelihood estimation for isomorphic factors. Its proof is straight-forward and omitted.
Proposition 5.7. Suppose that (T θ , µ θ , g θ ) θ∈Θ is an isomorphic factor of (T θ ,μ θ ,g θ ) θ∈Θ . Then maximum likelihood estimation is consistent for (T θ , µ θ , g θ ) θ∈Θ if and only if maximum likelihood estimation is consistent for (T θ ,μ θ ,g θ ) θ∈Θ .
In order to make precise statements about maximum likelihood estimation for Axiom A systems, we first introduce some definitions for smooth dynamical systems. 
The set Ω(f ), consisting of the non-wandering points for f , is closed and f -invariant. A point x is periodic if f n (x) = x for some n > 0. Any periodic point is in Ω(f ). The set Ω(f ) is an Axiom A attractor if f satisfies Axiom A and there exists a neighborhood U of Ω(f ) such that f n (x) → Ω(f ) as n tends to infinity for each x in U . GL(d, Z) . By the hyperbolicity assumption, f is Anosov. Therefore f is "structurally stable" (see [25] ), meaning that there exists a neighborhood U of f in the space of diffeomorphisms of X (with the C 1 topology) such that for each g in U , g is also Anosov and g is conjugate to f . We consider families of Axiom A systems as follows. Suppose that f : Θ × X → X is a parametrized family of diffeomorphisms such that i) θ → f θ is Hölder continuous; ii) there exists α > 0 such that for each θ, the map f θ is C 1+α ; iii) for each θ, Ω(f θ ) is an Axiom A attractor and the restriction
is topologically mixing; iv) for each θ, the measure µ θ is the unique SRB measure corresponding to f θ (see [10, Theorem 4 
.1]).
If these conditions are satisfied, then we say that (f θ , µ θ ) θ∈Θ is a parametrized family of Axiom A systems on (X, X ).
parametrized family of Axiom A systems on (X, X ). Further, suppose that (g θ ) θ∈Θ is a family of observations densities satisfying the following conditions: observation integrability (S2) and (S3) and observation regularity (M3) and (L2). Then maximum likelihood estimation is consistent.
Proof. By the continuity assumptions i) and ii) on f , there exists a shift of finite type X M and a Hölder-continuous map π : Θ × X M → X (see [10, Theorem 3.18] ). Furthermore, by the topological mixing assumption iii), X M may be taken to be a mixing shift of finite type, and there exists a unique, Hölder-continuous family of Gibbs measuresμ θ such that µ θ • π . Thus we have that (f θ , µ θ , g θ ) θ∈Θ is an isomorphic factor of (σ| X M ,μ θ ,ĝ θ ) θ∈Θ . By Theorem 5.2, any approximate maximum likelihood estimator for (σ| X M ,μ θ ,ĝ θ ) θ∈Θ is consistent. Then by Proposition 5.7, any approximate maximum likelihood estimator for (f θ , µ θ , g θ ) θ∈Θ is consistent. Proof. Let m > 0 be arbitrary, and let A and B be Borel subsets of Y m+1 . To obtain the ergodicity of {Y k } k , it suffices to show that (see [37] ) given θ 0 and X 0 = x, we have that
where we have used Fubini's theorem. Since m is fixed, we have that
Since (T θ 0 , µ θ 0 ) is ergodic, an alternative characterization of ergodicity (see [37] ) gives that
Thus we have verified Equation (6.1), and the proof is finished.
For the following propositions, recall our notation that
Proposition 6.2. Suppose that Conditions (S1) and (S2) hold. Then there exists
Moreover, the following equality holds P θ 0 -a.s.:
Proof. The proposition is a direct application of Barron's generalized Shannon-McMillan-Breiman Theorem [4] . Here we simply check that the hypotheses of that theorem hold in our setting. Since condition (S1) (ergodicity) holds, Proposition 6.1 gives (Y k ) is stationary and ergodic under P θ 0 . By definition, Y n 0 has density p θ 0 (Y n 0 ) with respect to the σ-finite measure ν n . The sequence {ν n } is obviously Markov with stationary transitions. De-
). Let us show that for n > 0, we have that
which clearly implies that −∞ < D n < ∞. Once (6.2) is established, we will have verified all of the hypotheses of Barron's generalized ShannonMcMillan-Breiman Theorem, and the proof of the proposition will be complete.
Observe that the first part of the integrability condition (S2) gives that
Then the second part of the integrability condition (S2) implies that
where we have used that relative entropy is non-negative. By (6.3) and (6.4), we conclude that (6.2) holds, which completes the proof.
The following proposition is used in the proof of Theorem 3.1 to given an almost sure bound for the normalized log-likelihoods in terms of quantities involving only expectations.
Proposition 6.3. Suppose that conditions (S1), (S3), and (S5) hold. Let ℓ be as in condition (S5). Then for
, there exists a neighborhood U of θ ′ such that for each m > 0, the following inequality holds P θ 0 -a.s:
Informally, in the proof of Proposition 6.3, we use the mixing property from condition (S5) to parse a sequence of observations into alternating sequences of "large blocks" and "small blocks," and then the ergodicity and integrability conditions finish the proof. More specifically, we break up the sequence of observations Y n 0 into alternating blocks of length m and ℓ, where ℓ is given by condition (S5).
. Fix a neighborhood U of θ ′ so that the conclusions of both condition (S3) and condition (S5) hold. Let m > 0 be arbitrary, and let ℓ be as in condition (S5). We consider sequences of observations of length n, where n is a large integer. These sequences of observations will be parsed into alternating blocks of lengths m and ℓ, respectively, starting from an offset of size s and possibly ending with a remainder sequence. For the sake of notation, we use interval notation to denote intervals of integers. For n > 2(m + ℓ) and s in [0, m + ℓ), let R = R(s, m, ℓ, n) ∈ [0, m + ℓ) and k = k(s, m, ℓ, n) ≥ 0 be defined by the condition n = s + k(m + ℓ) + R. Then we partition [0, n] as follows:
Given a sequence Y n 0 of observations, we define subsequences of Y n 0 according to the above partitions of [0, n]:
For a sequence y t 0 in Y t+1 , define
Then for θ in U , it follows from condition (S5) that
Taking the logarithm of both sides and averaging over s in [0, m + ℓ), we Let us now take the supremum over θ in U in (6.5) and evaluate the limits of the three terms on the right-hand-side as n tends to infinity.
Let ξ 1 : Y m+1 → R and ξ 2 : Y m+1 → R be defined by
With this notation, we have that
) .
Since (Y k ) is ergodic (by Proposition 6.1), it follows from Birkhoff's ergodic theorem and conditions (S3) and (S5) that the following limit exists P θ 0 -a.s.:
Similarly, using Birkhoff's ergodic theorem and condition (S3), we have that the following holds P θ 0 -a.s.:
Lastly, Birkhoff's ergodic theorem and condition (S3) again imply that the following limit holds P θ 0 -a.s.:
where we have used that max(|B s |, |E s |) ≤ m + ℓ.
Combining the inequalities in (6.5)-(6.8), we obtain that lim sup
The following proposition is a direct application of Lemma 10 in [15, p. 498 ] to the present setting, and we omit the proof. 
The following proposition provides an essential estimate in the proof of Theorem 3.1.
Proposition 6.5. Suppose that conditions (S1)-(S6) hold, and let ℓ be as in (S5). Then for
. By Proposition 6.4, there exists ǫ > 0 such that (6.9) lim sup
By conditions (S3) (logarithmic integrability away from θ 0 ) and (S5) (mixing), there exists a neighborhood U ′ of θ ′ and m 0 > 0 such that for m ≥ m 0 , we have that
The sum above is integrable with respect to P θ 0 and does not depend on η. Then (the reverse) Fatou's Lemma implies that lim sup
By condition (S4) (upper semi-continuity of θ → p θ (Y m 0 )), we see that
Now by an appropriate choice of η > 0, we have shown that there exists a neighborhood U ⊂ U ′ of θ ′ such that
Combining the estimates (6.9)-(6.12), we obtain the desired inequality.
Proof of Theorem 3.1. Let h(θ 0 ) be defined as in Proposition 6.2. We prove the theorem by showing the following statement: for each closed set
Since Θ is compact, C is compact. Suppose that for each θ ′ ∈ C, there exists a neighborhood U of θ ′ such that (6.14) lim sup
Then by compactness, we would conclude that (6.13) holds and thus complete the proof of the theorem. Let θ ′ be in C. Let us now show that that there exists a neighborhood U of θ ′ such that (6.14) holds. Since θ ′ is in C, we have that θ ′ / ∈ [θ 0 ]. Let ℓ be as in (S5). By Proposition 6.5, there exists m > 0 and a neighborhood U ′ of θ ′ such that 
Combining (6.15) and (6.16), we obtain (6.14), which completes the proof of the theorem.
Proof of Proposition 4.1.
In order to prove Proposition 4.1, we first establish the following lemma.
Lemma 6.6. Suppose that for each y m 0 ∈ Y m+1 , θ ′ ∈ Θ, and ǫ > 0, there exists a neighborhood U of θ ′ such that
Then for each y m 0 ∈ Y m+1 , the function θ → p θ (y m 0 ) is continuous, and therefore condition (S4) holds.
Proof. Let y m 0 be in Y m+1 , and let θ be in Θ. Let ǫ > 0. Choose U as in the hypothesis corresponding to ǫ/2. Then for θ in U , we have that
Here we restate and then prove Proposition 4.1. Proof. Let y m 0 be in Y m+1 , and let θ ′ be in Θ. Let ǫ > 0. Note that since T and g are continuous and Θ × X is compact, the map (θ, x) → p θ (y m 0 | x) is uniformly continuous. Thus there exists a neighborhood U 1 of θ ′ such that (6.17) sup
Since θ → µ θ is continuous with respect to the weak topology and x → p θ ′ (y m 0 | x) is continuous on X, there exists a neighborhood U 2 of θ ′ such that (6.18) sup
Let U = U 1 ∩ U 2 . By (6.17) and (6.18), the hypotheses of Lemma 6.6 are satisfied. By Lemma 6.6, the upper semi-continuity of the likelihood (S4) holds.
Proof of Proposition 4.2.
In order to build towards the proof of Proposition 4.2, we need to introduce some additional notation. Let C be a partition of X. For ϕ : X → R + , define
Note that for A in C, we have that (6.19) sup
Loosely speaking, the quantity V (ϕ, C) allows us to control the ratio of the values of ϕ within the cells of the partition C.
In the propositions that follow, we will have need to investigate properties of the map x → p θ (y n 0 | x) for θ ∈ Θ and y n 0 ∈ Y n+1 . To ease notation, let us define, for y = y n 0 ∈ Y n+1 and θ ∈ Θ, the function ϕ , then
0 . For such A, by the mixing condition (M1), we have that
Using (6.20) , we obtain that
(6.21) By (6.21) and (6.19), we have that
as desired. 
Proof. Let θ ′ and U be as in the hypotheses, and let θ ∈ U . Furthermore, let A ∈ C n 0 , and let
by the partition regularity condition (M2). Then
Hence,
and therefore,
The bound in (6.24) is finite by the observation regularity condition (M3) and does not depend on n. Thus, we have finished the proof of the proposition.
Here we restate Proposition 4.2 and give its proof. 
where y = y m 0 . Let k, m ≥ 0 be arbitrary, and let y j ∈ Y m+1 for 0 ≤ j ≤ k. By Proposition 6.7, we have that
which is the first requirement of condition (S5). Now let θ ′ / ∈ [θ 0 ], and let U be a neighborhood of θ ′ satisfying both (M1) and (M3). By definition of C m , setting Y m = Y m 0 , we have
which is finite by (M1) and Proposition 6.8. Thus the mixing condition (S5) is satisfied.
Proof of Proposition 4.3.
In this section, we present the proof of Proposition 4.3. We begin by establishing several lemmas. Here and throughout this section, we fix a metric d(·, ·) on X and assume without loss of generality that d(x, z) ≤ 1 for all x, z ∈ X (one may always choose an equivalent metric with this property).
Lemma 6.9. Suppose that (T θ , µ θ ) θ∈Θ is a family of dynamical systems on (X, X ) with corresponding observation densities (g θ ) θ∈Θ satisfying the observation regularity condition that (L2). Let θ be in Θ, and suppose that the transformation T θ : X → X is Hölder continuous. For any bounded, measurable ξ :
then ψ θ is Hölder continuous.
Proof. Let θ be in Θ, and suppose that T θ : X → X is Hölder continuous. Let ξ : Y m+1 → R be bounded and measurable, and let ψ θ be as in the hypotheses.
By Condition (L2), for x, z ∈ X and y m 0 ∈ Y m+1 , we have that is finite by assumption.
The following lemma, which we state without proof, gives a conditional concentration inequality. It may be proved in a fashion similar to other wellknown concentration inequalities by conditioning on Z [33] . It is used in the proof of Proposition 4.3.
Lemma 6.10. Suppose that X 1 , . . . , X n are conditionally independent given Z and |X i | ≤ M a.s. Let Y i = X i − E(X i | Z). Then for 0 < c < 4M , it holds that
Let us now state and prove Proposition 4.3. By the Birkhoff ergodic theorem, we have that P θ 0 (A n ) tends to 1 as n tends to infinity, since P Y Let F X be the σ-algebra of sets in X × Y N of the form A × Y N , where A is a measurable subset of X. We denote by E θ (· | x) the conditional expectation E θ (· | F X ). For k > 0 and (x, y) in X × Y N , define
Note that for each s in {0, . . . , m}, the collection of random variables {ξ j(m+1)+s : j ≥ 0} is mutually conditionally independent given F X . The same statement holds for the collection {Z j(m+1)+s : j ≥ 0}.
For n > 0, define
Note that A n ⊂ B n ∪ C n . We proceed by estimating P θ (B n ) and P θ (C n ) from above. For s in {0, . . . , m} and n = q(m + 1) + r, with 0 ≤ r < m + 1, we have that By Lemma 6.10, there exists ǫ 1 > 0 such that for s in {0, . . . , m} and all large n, it holds that P θ (D n,s ) ≤ exp(−nǫ 1 ).
Therefore, for all large n, we have that Since T θ is Hölder continuous and the observation regularity condition (L2) holds, Lemma 6.9 ensures that ψ is Hölder continuous. Also note that ψ(x) dµ θ (x) = E θ E θ (ξ | x) = E θ (ξ) = 0.
Then by the large deviations condition (L1), there exists ǫ 2 > 0 and K 2 > 0 such that
≤ K 2 exp(−ǫ 2 n).
Now with ǫ ≤ min(ǫ 1 , ǫ 2 ) and K ≥ (m + 1) + K 2 , we obtain that
which concludes the proof of the proposition.
7. Concluding remarks. In this paper, we demonstrate how the properties of a family of dynamical systems affect the asymptotic consistency of maximum likelihood parameter estimation. We have exhibited a collection of general statistical conditions on families of dynamical systems observed with noise, and we have shown that under these general conditions, maximum likelihood estimation is a consistent method of parameter estimation. Furthermore, we have shown that these general conditions are indeed satisfied by some classes of well-studied families of dynamical systems. As mentioned in the introduction, our results can be considered as a theoretical validation of the notion from dynamical systems that these classes of systems have "good" statistical properties.
However, there remain interesting families of systems to which our results do not apply, including some classes of systems that are also believed to have "good" statistical properties. In particular, the class of systems modeled by Young towers with exponential tail [52] has exponential decay of correlations and certain large deviations estimates [42] . These families include a positive measure set of maps from the quadratic family (x → ax(1 − x)) and the Hénon family, as well as certain billiards and many other systems of physical and mathematical interest [52] . In short, the setting of systems modeled by Young towers with exponential tail provides a very attractive setting in which to consider consistency of maximum likelihood estimation. Unfortunately, our proof does not apply to systems in this setting in general, mainly due to the presence of the mixing condition (S5), which is not satisfied by these systems in general.
A natural next step might be to obtain rates of convergence and derive central limit theorems for maximum likelihood estimation. To this end, it might be possible to build off of analogous results for HMMs [8, 23] . We leave these questions for future work.
